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M POINCARE GAUGE THEORY

A. Global Poincaré szmme'lry

1. We assume Hot Spacetime has the Shuchure
of My (at Least loally) .

ds?= M dx* elx” Mefric | in an inerfial

ref. frame
~ Isometry of -My |
F= xh+ By | Killing eg. =
' wh o eer )

K= "9 , Killimg vechors of Hu gb‘o(
Foincare Hromsformations

2. Tomgent space
'TP .t choice of basis ot unique
Coordinate Frame : &, &% & =9

Local Lorenta frame: &, Z.Z =y
(vierbein , Yetrad) |

b~ = . D
é} = e.-“ eA | eﬂﬂ e#e,'
dxi = eludx*  Local Lerenfa Coerdmafes

"= tnerbial 2 we CM_.MC z §O
M €; = Sg “ ,



3. Maiter tf«ieed CP(:)

scadar sPinor, ... defined in Tp, with
respeck +o an L frame,

S0 = [ §WIC63-%3+3y) +€(-3)J4 = P4 (2)
Spin matrix

(Mij, Pu)  Poimcare gentrators in +he Space
of £elds defined n Tp .

Y W foincant. Iwo-dniance
T = Jd% &y (9, 5]

The OLH 1n imhgra@ is Mwaviant under
global Ffomcard tramsf’'s  x'ex+¥, ig

AX = & + u(¥)=0 3)
 Where

5°x = %%—8;*-‘- :—5% S‘QQA

504’ = (fU-M-‘-E'P)G* = 94
5;?“(# = %&*e ?9K¢ o= Ugia,‘¢ = fgz3i¢

Comment-s :

= Im e derivakoun of (3) we arsumed SM =0

= Wecan allow A = A 4 He sunfice
Haw Th He ackon does kot Influence
Sield <45,



5. Noelkar morem
Glotal foincard mv. = 33%=0

IH= ool 5;4,_'_ B = %w"’M"&f - f.VT'“;,

[

- 33}.4’
ST " Canonical
Ty= 3;3%4’-5\;% Wgry-'mom.

M% = (X, T% - % T5)- %  ang. mom.

B}LTPV = 3)& M”VP = TV?';T}V— a/“SA\"'Pgo

B. Localization of foincaré. Sjmm.e/-r/v_

. Stant Wik o Auatter Lafmnﬁiau Ly (9,94)
invaniant under P 3) -
Ady=0
- docablization : Consfanf e o & (x)

The invaaiaace CondiHom Ay =0 s
new Violated because
Ay 5,0, = P’ ¢ + (W, if)-+erms
% e ofd Pansforuakion rufe
for o4,




(Ud) e foun wWE X, in Ay S
different from Zerp.

g,ug'u= (du W)+ ‘3«5"' + 0,
By = 4 (uwh) Sy - (WuE-wi) T $0.
2. The vielation of local invaniance can be

compensated by cofarn mwdifications
of /Qn, em‘}m{d H.wny.

() Ly(d,cd) = Ly = Ly(¢, wé)
Ve = covaniant derivafive ; % ¢ Fransforms
armoroing +o He ‘obd rube”
% Wb = Pod + wi v ¢ (s)

Conatruchion Yed H He
iyt \;.F.k s‘;\ﬂ help of-

o) ués= (a,u."’ﬁg)‘#

(Ga)
(G4




(44) Modification of Xm
ef,: s OzM (¢, VK¢) ) Sol,\:+ §'QQC,\: = 0
Q‘M = ALy (b, %)
X a funckion of new Fields
AZM = Sozm“' aﬂ(EM&’M) =0
it &N+ wu(E*A)Y=0
 simple Sotukiow : A= b = det” (hi¥)
Define by | He dual of hiV: bub;Ve &

Soblu = Wik’ - %L, - §.9 by (#)

= The wew tam , mvanianft under
Local P(%r?‘\gm He form

zﬂ = sz(¢JVk¢)
(omment . In order ¥o have o clear geom.
imberprekation, it is Conveniert to freat

i, 8,k, .. ay Local loreafa ndices
M 0L Codreimate Meices

3. Rdd sh-ugy_« s

[%@]d = £ Fig Iy¢ - Fig %




6.
Fi,; v = by - by, . rovalational

Fluy = o A, + Nsu K, - (pesv)  Lorente
L= hPR Fly  Flig s by FA
4, Bionchi Tdenbikies
£AWVP ¢ "v,, ghRvp Féyp b (Is+)
g A pvp Y VP =0 ’(an)
5. lompleby Laorangian
L = bXy(4,9) + b¥ (Fime, Fima) (9

6. Generalized conservation laws

v .

Y §&L
J'H "C“," = - 8'5::4. | (b‘)
/ M. SEM

ba v,'c.‘.‘z:f F" .‘.*g H
vAe |‘J‘ = TU‘ —13;




C. Geomefric and gauge Afruchure of PET

1. Imn PGT we have o .
Compensafing Sfields blu, AY,
covaniant derivathive e = h* (3 + A)
$eld SWH\,S Fi,‘,v, quluv

This theory cam be fought-of as o Field

#\M"y in Mtf. /-{»awever’ (E woubld be

unnafural to igneore Afrw geomefric
anslogies. E |

® Wd can be m\"e»f&kd as the geomefrc
Covariont devivahive Dud = (+Ww.)d
Simee

- Yud has om additienad dual mdex , as
d o &

- % ook Lowearly , obtys Leibufe rule
Commmres Wik confrachon ane |
WwE = Ut for f=scalan.

o Compartng U, ond Du = A sw),

635‘» v € on He basis of ifs Trames, perperts,

o Llocal lerenh syu.dvy s Me'h-iaq cond,
WAy = Wy + Ay + AT i

a) P&GT has Hae efnd
of He Em.m gh‘n;.




2. PGT doer met have the Afrucfure of
an "ard,inar:/ o &wagf H\wr'y. '
Ap= €uPi+ bl My
M= AP+ %u"ci M{,‘
SOA}L= -%U=- dull - I_'A,u,u]
Tromalotions: S €n=-%uul | Swih=0

Lor. rotadioms:  So€ip= Uyeh Sow"f»-.--v,:u‘:'
R diff. from PGT

Exomple : Einstein- Carfan theery
T, =-afd%bR = aJ—dee.“” b%b% Réuy
57 Lo, = §1¢ xe’:}’éx 2 b (-9pu®)- Ry
- “’Sd" e{) T",\ ul. R‘g}w
+o0, [d% ,; b TpRUL %0

He Accond Fomwu vanisches (Svamchi iJ) 8
Ko first one remalns # 6!



Appendix: Geomefric classification _of Spaces

Spacetime is pften eescribed or “4d conbinuuw”.
Toeo(bgd'cg,l space allows o precise formulatron
of the ldea of Continuity .
Differentichle monifple is defined as a
+Of>oiogica,L space X which
— locally "Aosks Like" au open subset of R"
i.e. we can infreduce locad (ooreinafes and
— docal cooreimeate SystewS are Cowmpatible
(diff. fromsifion Janchions) .
TMQ%"M ofF P) Tp : Ved-vrs_, Fensons

Dual of Tp : forms

The mefric tenser : (0,2), symmebric

nendegentrate Tenser field
g : (Qv) = UV = Guv u"u_"
Connection (parallel Tronspent)

U+bu
v :
z, -

U."(-‘l-)-d&) s V@) +8U ' S'U'P: - Eif‘)dlp

DU = U(x+dy) = Upy (a+dx)  cov. derivesive




10.
Torsion | THp = r"\:p - 'r‘;v

Cuurveture R“(;N = dp r’:;; + r‘NP 1'5,\ - (Mo V)

Limarly connecied
(_Lq‘%) meﬁictg’w\,d conneck on

/ independent

Weil- Cartan space

Quvp == TN gvp = = Yu §vp
Q=0 |

@ Riemans- Cartan spact.




1.

@ THE TELEPARALLEL THEORY

miroduction

General geomelric arena, -few PGT= Uy
‘Riemam- Caatan

T>0, Uy= Vy = Riemannian space of GR
R0, Uy>Ty= te&pa.mﬂeeﬂ space.
RY py (A) = (1)

m Ty, paralled h‘owvs]ﬁerf' (s path-ind
(15 some topological rerfrictions are adopted )

=2 We hove absofufe pa.rgf(g&sm
Pk)os:caé Mfer/nre#a{-wn
Thare is a om-gmamﬁiei }cumlq of TP

Lagrangians which (s empirically ggu.tv, to GR

The r ian

X = b2, + A"RY, + I,
L= a(ATyeTI" BT T4 CTi T ) 23T
;™ = Lagrange mullipbers = RUu =0

O=dfat, A B C= free parameters



12.
(i) 2A+8+C=0, C=-f
He. one-parameter TP theory,

gives the Aame reyufts as GR in Hhe
Limear, weak- field opprox,

>  pirically equivalnt +» GR f

(i) 24-8=0 + () [A=%, B=%, C=-1]
this choice gives o TP theor wivalent
With GR m the graviftakenal Q;ccwg
buwt With different thierackion

A= A+ K D = Riemannian Cohnection
K = Contortion

a bR (A) =abR(A) +' i.:.' - 29, (bTV).a

0 o teliparalel T wike
A=ify, B=ifz, C=-{

~

=2 dr_= - abR(A) + div
YeR Lagrangian !

nter otk on
GR (Vy) : Ve d+ CUnistoffel

TP (Ty) =0+ A Alsa ‘
* ' since R,,(ALO




13.

Field eqs

47, (BM) - 4R Towi +hPE =% Ga)
TR AV I U T (35)
R‘J‘w (M) =0 | (3¢)

(3c) defines TP geomel-ry in PGT
(3a) is a dynamical eq. For by
Symm. Piecz - anaecjous +o €Emstein’s -
€9. n GR
ambHsymw, piedt : ~
7 Y Bcr;,JP = T

(3b)  sewes +o determine )\.-J-""’
No. of eqs = bx§ = 24

v (3b) = & identiHes
-89, ﬁtijJ» = Vpéprj ; Tg-'CJ:‘

ongul. mementum Consery,
the resubfing eq. coincides Wit anfisyum. (3a)
=2 No. of independent- e4s = 24-G = 4§

No. of Ay = Gxgu3g !
We Mall Aer Hal~ Ko of indepeacent

A's s 18 |



14,

The A sym meh'%

The TP La_,gmngian (2) 1S inv, under focal
Poincene fromsfrs, Im addifien fo that,
F s also inv. widar |

So >\U'w =—-VI’ Eg;:’ (#)

anfisymm. in (pv,p)
8o JO‘& ﬂ#"Rij’w = jolg( Vp g,l}‘”f’, Ri‘jy,v'
= suface towu - [dk &x*YF \f Rtj,w

=0 by He 2nd Bianchi id:
W Ruy + Cicl (v p) = 0

No. of gauge panameters gt = Cxb= 24

However, canenical analysis Mhows  Had-
qauge fromsfermattons defined by i

are mot-indeperdeat > six parameters

£i;%PY can be Completly discarded !

No. of IMM—" £UWP = 24-6 = 18
2 No. of gauge-indepsudest Ns = 36-18=1§

Thaat A'S are % defouvined by
e (18) aend fe eqgs. (35) .




AS.
Orthonorma.l- flea.raueﬂ-_i\'mu‘es
TP tueores in Uy :  RYy(A)= 0 (4’
Choose &, af P , ET--E}:%.
iF the manifold s para@é&'a-aé&_” e,
@'y + some topological amuwmphions

= paum%el #mparf: is Paﬂ;-‘ |ent—
e T T T T - :&/’ & (a)
PI—__» ei (P) Q

Hhe 'rwxwug febaed $ield é?-(:d is

30640?_ well defonad
L is erthonermel! and f_eﬁgmg&f F

0_§T frame . N ,

&(Q) is parallel 4o &(P) 2 Au=0 (8
- Im oam OT frawe | V=9 ,6

Eq. (5) defines a partoular Seflutom of (4),
Grenaral sofutow !

Z\I‘)’»': A:m Aj“ A:M”_‘_ Atn%IAj. - At'“;# Ajﬂ
O Nu- local Lorents Wausf

Thag , Hae choie Al w 0 breaks locsl [orentr
fnv.  but is compakble With Alws Const.




1e.

One com Impoce H\o.?augé meﬁﬁm (5)
directly im e TP acHon:

A‘J',A= 0, by = Agnam‘cae
he resulbing Kwrt, = tramslatienal gamgo .

GRy @ the tdeparallel form of GR

Aeﬁ’ﬁ':‘t) C:-{

X = 30+ MR, + X (6a)
0 = &bR(A) = abR(8) + X, + div.

z & - abR(A) + ngké’,‘u + zn (6b)

Ist Sield eq.

b[ Rij (8) - i"’fj R(Y] = Tjif2a
Tiyj= i or amisi-ucy
2nd Lield eg.
% (QM_;H-#M,N-»‘;') = 3’:5

The inberackon AR Auatfen dffertut foou G



1%,
Comonical shructure

agrangian variables 1 qR= (b, A, AyH)
mowmenta : ’IT'A= oL = ('“'-H' L }w)

o primary comsfraints :
'1T';°'z O ' 'J % o ( )
. 0d 3
Trzupvxo J -QAIJ -~ O
thase are sure Comafrans, ¢, .

e definition of ¥ may foad +o addiiondd ,
Lxtvo. tomstramts i A B,C have speeilic
values (if ombraints) |

Extra. cwsiramts - net mporfant for oun

o omaliyiis .
o NWomuilionian

Re = NRy + Ny - § ATy 25 - A1 RYgg + 3, D
N= MKL‘ | N‘: 4‘. U‘ |
l&f«. au( Akﬂ— Junctious
Hee R+ U4, + (u.4)
4

Sure Lfra
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|
|
\
|
|

Cons%skncy reo(idr%en(— on primary constraids |
| ¢AE {"’A, HT} x~ 0

Lad +o
- secendary constramts, ond/or
~ determination of sowe mulhphiers.

Fucther  Combistency regmirewsonts provuce
/VvoHdmaav Mo,
The fimel repdt
Ry = ﬁ'r + 9, D%
ﬁr = R+ WoTi %+ 42“;“0“74'0"'#“"% Tl‘"J&;; + u-4)
He= NR, o+ NB, -4 A Ty - gt R
T . Re , ﬁ:; | 7—'—6"&# Rnown 2rpressions.

Sivst class second class
(Y4 ‘ F
primary e, Tr‘:f, Tap 45 A *on

suondary By W Ay, R

Fivgt dm(msmfs ane Wapewnible Fon
gonge mpuashles

e, M - local Foincwre

Ta > loeal lambda .



The A Sym meﬁ;y

L

1.

Jf Gorge Ms?ormaﬁws are g,wen in Yerns of
&), £@®) , Hen He gauge gensrakor hay He P

G= &® G+ @ G
where G G are defined by He eomdifigns

G" = Cree « Erimary

irs+ cla
G_(O) + {G_(n) HTS = CFFL s 53

{G ] = Crre

( Cantellan; ‘€1 )

The m\ly PFC a,d-v‘na on A s Tﬁjdﬂ .
Stont WM G o Tigp =

Gy = § &y Tep + 4 2% St
S jound With He hlp of Castellami’s
proa.dn;r‘e . AP ' ci jJs

Slyp = -4 Ryp + 2 A so T g
2

Jé
S: A.‘J‘ - {ltj”, G‘Al) = 7’ 5:5“

Thast ane He ondi  men. el qasge
tromh formalsi ons 'J?



2.

Where s the tromaformafion Soa)\;zp = 9 gij‘Fxl
Jound m the lagrangiam Lorwaligu ?
Defime

Nigay = % Tgy + cycdic (had) (M)
His is a hMav' combnatisu of Tr"-fd.p,
hmce Midpy = Cpec .

The veloted generator G will met be
tully imdegenslont of tha Lrpressiou for Gy .

Smee 4 ﬂ':jd.lsy’ H‘Tﬁ =0 =
Gy = - & & % TV

SOB X:Jdp= Vx 55“? His is the auissing
- ramsf. found ™ AL
Logr, ,Cameo’sn,

Soakij‘ﬂ are Mmef MM’ M m;
= © parameters £r|"‘ﬁ* n e Lagr.
A tromaformaion Cam b c.aurlu‘Al
discarsded
No. of inelepenclent A goige trans{ = 18
(e nunler of &)
#om, e 2ed Yeld e.) aHou Com
“‘t z" e4s. = /& = Ia. o{-'rndep NS )




® TOPOLOGICAL TELEPARALLEL 3D GRAVITY

3-dimensional PGT
My, the isometry group = P(1,2)
Waﬁrs P Mij = - eV J"
gouge fields N el wh,
feld Stremgths : T‘}W. R‘JPV = - ¥, RK,
'Ti}w = Qﬁbiv + gimn wmy. bm, - ()“-QV\

Ri)a,v - a)*wiv_gv wi»_*, etmn wmlu wvw
GR  IL=- fdkbR = fdk b Riyp

sbiw: € Riyp =0
S ! e Tivp=0 = Riemannian

connectiou
Standard P‘MJ‘—“SLM
Lie aijejm [‘JiJJd]i'ég‘kJ“) [ﬁ:,f;]'s
[J:,F)a €k P¥

Ape CuP v WL gauge Fiald
ue ¥R + T Jouge prassier
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SAP,—— u--D,,.b( [A)«l.,a]
Sob'm = - Tu¥ - €8 by Tic
S Wip =~ LT

T T - 34 w';o =y

S'OQF._.,. S;PGTB:'F. ‘E‘szfe } civadent o
B Wy = S;P&Tw;}* - 5 Rlup PGT, onshell

Fuw = SuAv- A Au + [, Byl
= PLT‘.",\) +J,i R'Pv -
GR with cosm. Compbomé:  GR,
= - [dX (bR +2N)
= Jdk M (bR - § ey bl b)

SHeld eqs
é"""(wa /\ét_,gb LJ) =
GP'Pwa e 0

= tonst. Curumhu Riemamian Comsect,

For A=-{/22¢ 0 5 AdS geometry :

dr ™
ds’e (1 gzl - T Tt




23,
Charn- Simons_formulafion

SL2,RY  CS teory: A= Ajndes
= Kf (Ad A +4emn’ A"‘A"AJ)% (4)
Conton's meh-fc.

5T, = | SAFinG + [ A SAquJ-
M M

"D {'OV' A‘+ O on QM

With such boundas ary CQMQ'HM\S) diff on M
olefined by

E-i‘ §AAi)~ Gf’ M
reduce +o conformal 'h“mﬁor%ﬁ_
‘{. Ln L‘\}"“(”'m) Linem - 4—4135—n+wo

Virasoro afgdm W Hh cé’ass. Contral chasge
Colt2 = - 4Tk &

IMPerJ-a.n-l- iden;ﬁbf : Ale W+ 0/ 0

(&' =budx*) Rm w-0/2
AA'IG-I'* Tes (M) - Tes(B)
___—-——'——T

I+ lﬂ'k- -§-G':'

D lm GRA, we have comf. symmatry of 3M



24.
Topological 3d _9mu—i7‘y with Forsien

Conf. symm. ot oM — is it pessible in a
Heory of 3r-awi+\1 With Yersion °

Topological or foprfogical-Like Ferms :

1, =- (dx b (aR +2A)
T, = [Wdw;+fegew wink) ()
'I:q’ = S‘e‘ T; = dz" fo\3x Q’WP bi,uTin
Greneral otkien: I =T+ L+kD; + Iy

Hiskd eqs = A vdea

Tiage = A €rx As Sr—e (a)
_ _ (a3)2+a A

R_A\';K‘ Béj: B-— 0‘:;3-&? (?-b)

Ae 8+K  + cwwafuee Tdewbify =
Rtj}w(ﬁ\ |- A%‘_—(bipbj\,-yvb'{u) . (8)

_ 4 A QO Consequenct
A‘-H-' 8 %A of (a,b)

® Wiltew's chefer : dy=dgm 0
= Rigmannian geemeiny , AdS,
o Yur cthoiee : Ra= 0
=  telaparalled geomokry | AdS
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Telepanollel 3d gravify

oy ) = -0 -
(s)'-:',a.l\ o 0(7;{0 [ °‘3=-a-—2-]
Rluww=0 for Smfhev‘d\'y

T=-afdxb (R-—%) - & (dx e””fl,‘”'r‘ve

Sl egs R"’W:o T;J'K = Z-,Q.,-J.K

= a) 'E parallel %e.om{-pj
8) Aey =-+ ¢ AdS metrc

AdS sefufion :

dsts &zob\}- %_::7-_ 'twt' $m+d

=Sk ~ Ldt

z L 0 o

9‘- fdr L dx b (o J._F 0
O 0 ~r

g = r“f ~V‘A\.c

Ae b+ K = W' ~ K.‘Ez
» -t
\ 2%
Block hek sebedion
dse NVdF- N2drt - w ( Ny de +dy)
Nta (-ZM +1}~+§-L) Ny = -?_i




2.

Asymptotic cenﬁgum#om |

ASymp'f'oH(;auy , Hhe black hote Mfﬂ‘c
dst o Edrt- £drt- 27k Ay - Fely Y

tomaioler with the deminant contribution
im He AdS meb-c | ab Least for J=o0,

A metdc Guv s sadel to be assymph
AdS S
Q) Guv~ MS Aebde for roa 0
b) Invaniont under the AdS group
SO(2,2).
Theat  condidians (Mkrrej He follovimg
osympfoRe  behavion For g
_ _':":"'Oo 12‘93 Go \
Gm = 9, “7r% O
@Q (’3 "rz* 00 J

—wua'ﬁmu;m#\tm as n AdS case
-~ Hu @ *Forws are chosem So 4o 1D
ML S9() 'avnaalanes,

3)"\' = .Ei»ts\,*?cj —> .E:p (ﬂe“' WQMQ)
A = A+ K —dy w‘,u. ,



ol
By <
|
—
eols)
STF
P -
l} -
G
h‘g £
SIS
—_—ee—
|
g’
s
+
o
5

&
S
[
~>
N
{1
S
!
S
il
e~
&
+
Q!
N

ﬂ_s_#rm pfokic ﬂs_ggwsme:fﬁ es

Ass. symmebry = a Subset of gamge Tromsf,
which tramsforms o, configqrationg
B, lin Mo thewselues | ie.

5,0 = €48 Bup- WE T -EITu = 5B

5y Bius - 8 - RH B - 13 G = & B

Assamp-l-okc. samm's JeF. n Hds km‘;- are
net isemehries  since §, "}35‘.22"’ £ 0.

AcHng on 'E‘,..,G‘p, Hase vansloruatous
Change Hae foruw of Sulnwlkg, ferus .

r»°F$ m?ﬂw%% will Le
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Step)  Mybh Asteq by 'y, summefrize
in% ( )&f:v ) 67 coné,iﬁ‘auls d

-8 Fvp - WG - 8Ty = 5 Gy
Using Ef = X g5, r " =
0 - z[T+i37'T L ] + 0,

7 3¢ b
£ S-%%’S&‘%‘: + Uy
g ~((%—1:) + 4
where.

Two funcHens T(tY) amd S(kY¥) defone
conformal symmotey

xtsftee  TE-Trs 3 T*=0
L= 2| > Zlen?
t = §“3,‘l_r+ 0 ~» Z Z-h efﬂ.&-

L ,tn MASFA, two ’wmw‘n\j Viedsoro
algebras
[ln, ) emi(aw) lvw |, [ ul=0
CR\EN-J "‘.CH> E‘“‘




2.

Sep2  The remaining 3 condifions in He
Ist. eq. com™be wred +0 deferuwing
the Lorenfe panameters 6

%= - £ 90T + &

ot = ;)(:_3 3027— + &

el= a)_T + (0)_.

- Skep:  Gomg fo Hhe 2ud.2q. we find

tat™ it does mot Lead +o any
nw Lo cHous,

S A ¢St 4 corrijrandqgﬁ
Ha chosen assympt. wnﬁ‘am o 'E‘,.'E;.
in the topological telepans Hel Heory (9)
s given by 2d conforwal Sp_atgq,
* ¥
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